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Abstract
The vibrational density of states (VDOS) and the heat capacities of amorphous
SiO2 and several (Na2O)x (SiO2)1−x , x = 0.2, 0.333, 0.5, silicate glasses have
been calculated using computer models generated by molecular dynamics and
the reverse Monte Carlo method. Significant changes in the VDOS upon
addition of Na2O are predicted. Comparison with experimental data and
previous calculations shows that the heat capacity is sensitive mainly to the
strength of the Na–O and Si–O pair interactions but not to the medium-range
order and the preparation history of the models. It is demonstrated that the
increase of the specific heat with increasing alkali oxide for T > 30 K is due
to an increase of the Na and non-bridging oxygen partial heat capacities.

1. Introduction

Many thermodynamic properties of condensed matter phases (such as heat capacity,vibrational
entropy, thermal expansion coefficient, atomic displacements etc) can be calculated if the
frequency and temperature dependence of the vibrational density of states (VDOS) is
known [1]. While the calculation of the VDOS of crystals using lattice dynamics is well
understood, it is not a trivial task in the case of disordered materials (glasses and liquids) due
to the lack of long-range order. Therefore, comparison between experimental and calculated
heat capacities of glasses can provide important insights on the character of the atomic motions
and additional constraints on the VDOS derived from simulations.

The relations between the heat capacity at constant pressure (Cp) at low temperatures and
the VDOS of glasses has attracted significant attention because many ‘strong’ glasses show
several low-temperature thermal anomalies [2] (increasing of Cp below 1 K, maximum and
plateau in Cp/T 3 at about 10–20 K, plateau in the thermal conductivity at about 10 K). Most
of the computational work so far has been done on amorphous SiO2 (a-SiO2). Buchenau et al
[3] have calculated Cp between 5 and 20 K using VDOS extracted from neutron inelastic
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scattering data. Taraskin and Elliot [4] as well as Oligschleger [5] have calculated Cv in the
range 1–100 K using VDOS, determined from molecular dynamics (MD) simulations. The
only calculation of the heat capacity of a-SiO2 at higher temperatures (up to 1400 K) was
reported recently by Horbach et al [6]. Stein and Spera [7] have calculated Cv of a-SiO2

at the glass transition temperature Tg ∼ 1500 K and at several much higher temperatures
(2500 < T < 4000 K) in the melt. The characteristic feature of all previous low-temperature
Cv calculations is that the calculated Cv/T 3 remains significantly lower than the experimental
data and does not reproduce the increase of the experimental Cp/T 3 below 1–2 K. The reasons
for these discrepancies are not completely understood. Taraskin and Elliot [4] attributed the
poor comparison at low temperatures to deficiencies of the finite-size model not describing
properly the long-wavelength vibrations. Some authors [5, 6] have corrected for the finite size
of their models by adding the Debye contribution

C D
v /T 3 = (4/5)π43 pR/�3

D, (1)

where p is the number of atoms in the structural unit (3 for SiO2), R is the gas constant and
�D is the Debye temperature. Even with this correction, their Cv values below 20 K are one
to two times smaller than the experimental ones. At higher temperatures (T > 100 K) the Cv

calculated by Horbach et al [6] reproduces relatively well the experimental curve. Their Cv is
only about 3 J mol−1 K−1 lower than the experimental Cp at about 1400 K.

Beyond a-SiO2 much less computational work has been done even on simple silicate
glasses and melts. Stein and Spera [7] have calculated the Cv of liquids in the NaAlSiO4–SiO2

system using MD in the range 2500–4000 K. On the other hand, several empirical equations
have been proposed [8–10] for the calculation of Cp of multicomponent silicate glasses above
300 K as a linear sum of the partial molar heat capacities of the constituent oxides which give
excellent agreement (1–2% variations) with experimental heat capacity data above 300 K.

Despite the progress in our understanding of the thermodynamics of silicate glasses there
are still several important open questions:

(1) the origin of the discrepancies between calculated and experimental heat capacities,
especially at low temperatures, and the effects of anharmonicity;

(2) the small difference between the heat capacities of a-SiO2 and SiO2 crystalline phases
(quartz, crystoballite) [10] for T > 80 K;

(3) the reasons why empirical additive equations give reliable results for Cp of multicomponent
glasses despite the differences in the structure of silicate glasses and crystalline oxides;

(4) the microscopic origin of the increase of the heat capacity below 1–2 K [11, 12] upon
addition of alkali oxides to a-SiO2 as well as the increase of the heat capacity with
increasing alkali content for all temperatures T > 30 K [13];

(5) finally, the reasons why the heat capacity below 20 K is a sensitive function of the thermal
history of the glass [2].

In order to understand further some of these questions and especially the role of alkali
oxides in the heat capacity of silicate glasses we have calculated the heat capacity in a wide
temperature range (0 < T � Tg) of computer models with composition a-SiO2, Na2O·4SiO2,
Na2O·2SiO2 and Na2O·SiO2, which cover the whole glass compositional range in the Na2O–
SiO2 system [14]. Several of the models have been constructed previously by classical MD [15–
17]. It is well known that the macroscopic properties (e.g. density, glass transition temperature)
of glasses quenched from the melt depend on the cooling rate. Since the time scales of the
MD simulations used in the present study (comparable with previous studies) are many orders
of magnitude shorter than the ones of a typical laboratory experiment, it follows that the MD
glass structures are frozen in at much higher glass transition temperatures and depend on
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the cooling rate. Vollmayr et al [18] have performed a very detailed study of the cooling-
rate effects on MD models of a-SiO2. A decrease of the macroscopic properties (enthalpy,
heat capacity, density, thermal expansion coefficient) was observed with decreasing cooling
rate in qualitative agreement with real experiments. However, it was shown that the low-
temperature heat capacity (below 100 K) shows only a weak dependence on the cooling rate
and the calculated heat capacity even at 1500 K is only 2% smaller than the experimental one.
Besides that, it was reported that the cooling-rate dependence of the macroscopic properties is
much smaller than that of the microscopic properties (such as radial distribution functions and
bond-angle distribution functions). The above-mentioned results clearly indicate that below
1500 K the effects of the cooling rate on the calculated heat capacities of MD models play a
minor role and meaningful conclusions from the comparison of experimental and calculated
heat capacities could be drawn.

In addition, we have also used the reverse Monte Carlo (RMC) technique [19] to generate
directly glass models consistent with a given set of experimental diffraction data without
quenching from the melt. Results are presented for the Na2O·4SiO2 composition.

Different models were used for several compositions to study the effects of medium-
range order and preparation history on the heat capacity. Several models were also relaxed
with different potential parameters in order to study the effects of the Na–O interactions on
the heat capacity.

The paper is organized as follows. Section 2 gives details of the calculation of the VDOS
and the heat capacity. Section 3 presents the results for the heat capacity of the different
models. Section 4 discusses the results and especially the effects of alkali content. Section 5
gives the conclusions.

2. Calculation procedures

One computer model of a-SiO2, two computer models of Na2O·4SiO2 (denoted NS4 I and
NS4 II, respectively), two computer models of Na2O·2SiO2 (denoted NS2 I and NS2 II) and
one computer model of Na2O.SiO2 (denoted NS1 hereafter) are analysed in the present paper.

The a-SiO2, NS4 I, NS2 I, NS2 II and the NS1 models were generated previously by
classical MD. The NS4 II model is generated by the RMC method. It contains 234 atoms
(box length 15.21 Å) and is a smaller version of the model described in [20].

The a-SiO2 model contains 648 atoms (box length 21.41 Å). It was constructed using the
potential developed by Vashishta et al [21]. The equations of motion were integrated with
the Beeman–Alben algorithm and a time step of 0.5 fs. The simulations were carried out at
constant particle number, constant volume and constant energy (NV E). The total energy was
conserved to better than 1 part in 104 over the entire simulation [21].

The NS4 I model contains 585 atoms (average box length 20.00 Å), the NS2 I model con-
tains 602 atoms (average box length 20.0 Å) and the NS1 model contains also 602 atoms (aver-
age box length 20.05 Å). These models were constructed using a Born–Higgins-type potential,
developed by Feuston and Garofalini [22] with a weak Stillinger–Weber three-body term. The
equations of motion were integrated with the Nordsieck–Gear algorithm and time step 1 fs.
The MD simulations were carried out at constant pressure and constant particle number.

The NS2 II model contains 1080 atoms (box length 24.42 Å). It was constructed using a
Vessal-type potential [23]. The equations of motion were integrated with time step 1 fs. The
MD simulations were performed at constant pressure and constant particle number.

Further details of the potentials and the MD simulation procedures are given
elsewhere [15–17, 21].
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2.1. VDOS calculations

The Si–O and Na–O stretching force constants as well as the O–Si–O and Si–O–Si bending
force constants of the Kirkwood-type harmonic potential used in the present study have been
previously determined from lattice dynamics calculations on crystalline SiO2 polymorphs and
crystalline sodium metasilicate and adjusted to reproduce the position of the main peaks in the
polarized Raman spectra of SiO2 and NS4 glasses [15].

All computer models were first relaxed with the harmonic potential to minimize the strain
energy. The eigenfrequencies and the eigenvectors of the dynamical matrices of the relaxed
models were then calculated by direct diagonalization using the Householder method [24] and
different characteristics of the vibrational modes (depending explicitly on the eigenvectors)
were analysed. We have used models with a maximum of ∼1100 atoms because these
calculations are very computer demanding for systems with more than ∼2000 atoms. For
much larger systems, usually only VDOS is determined (see for example [6]) because VDOS
can be directly calculated from the MD trajectories as the time Fourier transform of the velocity–
velocity autocorrelation function [25]. Oligschleger [5] has shown that the VDOSs of a-SiO2

models (containing 1944 atoms) calculated both using direct diagonalization and from the
velocity–velocity autocorrelation function are practically the same.

In the final VDOS each normal mode is additionally broadened with a Gaussian function
with full width at half maximum of 10 cm−1 in order to take approximately into account the
finite size of the models and disorder not present in the computer generated models.

2.2. Heat capacity calculations

The standard thermodynamic expression for the heat capacity at constant volume, Cv , is given
by [1]

Cv = −T (∂2 F/∂T 2)|V = C H
v + C A

v (2)

where F is the Helmholtz free energy, C H
v is the harmonic and C A

v is the leading-term
anharmonic contribution to the heat capacity [1], respectively. The temperature dependence
of the harmonic contribution (per mole) is given by

C H
v (T ) = 3 pR

∫ ∞

0
u2 exp(u)/((exp(u) − 1)2)g(ν, T ) dν (3)

where p is the number of atoms in the structural unit, R is the gas constant, u = hcν/kB T ,
g(ν, T ) is the VDOS at a given temperature T , h is the Planck constant, c is the speed of
light, kB is the Boltzmann constant and ν is the frequency. The integral in equation (3) was
calculated numerically.

The experimentally measured heat capacity at constant pressure, Cp, is related to Cv by
the thermodynamic relation (see [1])

Cp(T ) = Cv(T ) + α2(T )T B(T )V (T ). (4)

Combining equations (2) and (4) Cp(T ) can be written as

Cp(T ) = C H
V (T ) + α2(T )T B(T )V (T ) + C A

V (T ) (5)

where α(T ) is the thermal expansion coefficient, B(T ) is the bulk modulus and V (T ) is the
molar volume at a given temperature. At high temperatures (kB T � hcν) the anharmonic
contribution C A

v can be approximated [1] by −A2T , where A2 is a function of the third
derivative of the potential. A can be treated [26] as an empirical adjustable parameter in order
to improve the agreement at high temperatures between the calculated and experimental heat
capacities.
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The calculation of Cp from Cv requires knowledge of all parameters (α, B , V and C A
v ) in

equation (5) as a function of T . These data are not available in the whole temperature range
0 < T < Tg for the Na2O–SiO2 glasses. That is why we have compared directly experimental
Cp and calculated harmonic C H

v data. However, the correction α2(T )T B(T )V (T ) has been
calculated at several temperatures for all compositions (see section 3.2.1). It is several orders
of magnitude smaller than the experimental errors in measured heat capacities. Therefore the
neglect of the α2(T )T B(T )V (T ) correction should not affect the conclusions derived from a
comparison between experimental Cp and calculated CV heat capacities.

In general, the VDOS in equation (3) depends on the temperature. The experimental
temperature dependence of the VDOS even for a-SiO2 is not known. Horbach et al [6] have
calculated the VDOS of a-SiO2 at several temperatures (30,300 and 1050 K) and have observed
changes in VDOS with temperature, the effects being strongest for the high-frequency bands at
about 32 and 38 THz. These authors note, however, that the heat capacities of a-SiO2 calculated
using both the 30 K and the 300 K VDOSs give practically the same results. Since reliable
data for the temperature dependence of the VDOS of the Na2O–SiO2 glasses are practically
non-existent, we have replaced, similarly to most previous studies, g(ν, T ) in equation (3) by
g(ν, T0), where T0 is a reference temperature (equal to 300 K in the present case).

Knowing the eigenvectors of the dynamical matrix, the so-called atomic participation
ratios APRα(ν), α = 1, 2, . . . , s, where s is the number of different types of atom in the
model, can be calculated [15]. APRα(ν) is equal to unity if only atoms of type α participate
in a given normal mode and is equal to zero if, on the contrary, atoms α do not vibrate in
this mode. They are defined in such a way that �αAPRα(ν) = 1 for each ν. The atomic
participation ratios can be used to calculate the partial VDOS of the different types of atom as

gα(ν) = APRα(ν)g(ν). (6)

Knowing the partial density of states we can define partial heat capacities for a given type of
atom (α) by substituting gα(ν) for g(ν) in equation (3):

C H
vα(T ) = 3 pR

∫ ∞

0
u2 exp(u)/((exp(u) − 1)2)gα(ν) dν. (7)

By definition �αCH
vα(T ) = C H

V (T ) for each temperature.

3. Results

3.1. Vibrational density of states

The calculated VDOSs for the a-SiO2 model, the two NS4 models and the NS2 I as well
as the NS1 model are given in figure 1. The VDOSs are scaled so that

∫ νmax
0 g(ν) dν = 1.

The calculated VDOS for the a-SiO2 model is in relatively good agreement with both inelastic
neutron scattering (INS) experiments [27, 28] and with the VDOS derived from of ab initio MD
simulations [29]. In contrast, the VDOSs of other MD models [4–6, 18, 30], constructed either
with the Vashishta-type potential [21] or with the van Beest et al potential [31], show inferior
agreement with experiment, especially in the low- and mid-frequency (5–28 THz) ranges.

The character of the vibrational modes in a-SiO2 has been the subject of numerous studies
(for a recent review see [32]). Analysis of the character of the vibrations in Na2O–SiO2 glasses
has been performed in [15, 33]. That is why only the main effects on VDOS by adding alkali
oxide to a-SiO2 will be briefly summarized again. With increasing Na2O content the intensity
of the modes at about 32 THz, arising in a-SiO2 from anti-symmetric stretching optic-like
vibrations of the bridging oxygens (BO) against the Si atoms, decreases and new stretching
vibrational modes appear in the vibrational gap of a-SiO2 (26–29 THz). These new modes
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Figure 1. VDOS g(ν) of the investigated glass models.

are localized on Si–non-bridging oxygen (NBO) atom pairs. The 23 THz band (at about
24 THz in the experimental VDOS [27, 28]) arises from mixed stretching + bending motions
of the Si atoms against the BO. The intensity of this band decreases and its position shifts to
lower frequencies with increasing Na2O due to a decrease of the BO concentration. These
predictions are in excellent agreement with the only experimental VDOS for alkali silicate
glasses (Li2O·2SiO2 glass) measured up to now [28] by INS.

The strong VDOS band at about 15 THz (at about 12–13 THz in the experimental VDOS
of a-SiO2 [27, 28]), arising from symmetric in-plane bending and out-of-plane rocking motion
of the Si–O–Si linkages, also decreases in intensity and shifts to lower frequencies. Such
changes in the 13 THz band of the Li2O·2SiO2 (LS2) glass were not observed by INS [28].
It is not clear whether this discrepancy indicates some deficiency in our potential model or
reflects differences in the structure and the dynamics of the NS2 and LS2 glasses. However,
neutron diffraction studies on the LS2 glass (see [28] and references therein) indicate that the
average Si–O–Si bond angle is not strongly affected by introduction of Li2O to a-SiO2 and
thus the 13 THz band should remain mostly unchanged in the LS2 case.

Most dramatic are the changes in VDOS at still lower frequencies, where a new strong
band at about 5 THz develops with increasing Na2O content on top of the underlying bending
and rocking SiO4 modes. Such an effect was not observed in the INS experiments on the LS2
glass [28] simply because the sample contained zero scattering lithium (a mixture of 6Li and
7Li) and thus it did not probe the Li–O dynamics. Analysis of the partial density of states, the
atomic participation ratios, the stretching character and the phase quotient (see [15] for detailed
description of these vibrational characteristics) indicates that the 5 THz band arises from
acoustic-like (bending + stretching)-type motions of the Na atoms mainly against the NBO.

At low frequencies glasses show deviations from the Debye law gD(ν) ∼ ν2. In figure 2 we
therefore plot g(ν)/ν2 for a-SiO2 and compare with the Debye contribution gD(ν)/ν2 = 3/ν3

D .
The Debye frequency νD and the Debye temperature �D are given by the standard expressions
νD = (3ρ0/4π)1/3vm and �D = hνD/kB , where ρ0 is the atom number density and vm is
the average sound velocity. The experimental values of vm , �D and νD for the investigated
glasses, where available, are given in table 1.

It can be seen from figure 2 that g(ν)/ν2 shows for a-SiO2 a strong peak at about 1 THz—
the so-called boson peak (BP), i.e. an excess VDOS over the Debye value. The shape of the
g(ν)/ν2 curve is similar to that published in [4], although the position of the BP in this paper is
at slightly higher frequency (1.5 THz) and the BP intensity is also higher. For a-SiO2, Courtens
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Figure 2. Calculated g(ν)/ν2 and the Debye contributions for the a-SIO2 and NS4 I models.

Table 1. Density ρ0, sound velocities, Debye temperatures �D and Debye frequencies νD for
a-SiO2 and several sodium silicate glasses.

ρ0 vT vL vm �D νD

Glass (atoms Å−1) (km s−1) (km s−1) (km s−1) (K) (THz)

SiO2 0.0664 3.77a 5.97b 4.15 499 10.4
NS4 0.0716c 3.2d 5.19d 3.53 437 9.1
NS2 0.0729c 3.15d 4.9d 3.46 430 8.96

a Reference [14].
b References [14] and [34].
c Reference [35].
d Reference [12].

et al [32] have proposed, comparing hyper-Raman and neutron inelastic scattering spectra, that
the BP arises from local modes involving rocking motions of distorted SiO4 tetrahedra. This
agrees with an early model proposed in [3].

With the addition of Na2O the Debye frequencies decrease, due to a decrease in the
sound velocities (see table 1), and the Debye contribution (3/ν3

D) increases correspondingly.
The position of the BP for the NS4 I model practically does not change but the BP intensity
decreases. g(ν)/ν2 for the NS2 and NS1 models (not given in figure 2) shows no evidence for
the presence of a maximum in g(ν)/ν2 down to 0.7–1 THz. The lowest frequencies that are
accessible from the present models, taking into account the sound velocities given in table 1,
are about 1.3–2.0 THz due to the limited system sizes. In order to obtain more reliable results
for VDOS below 1 THz it would be necessary to investigate in future much larger models.

3.2. Calculated heat capacities

3.2.1. Amorphous silica. The calculated heat capacity Cv/T 3 for a-SiO2 in the range 2–
100 K is compared with experimental data [36–40] in figure 3(a). The heat capacity Cv up
to 1400 K (just below the glass transition temperature Tg ∼ 1500 K [14, 41]) is shown in
figure 3(b). At low temperatures it is useful to compare the heat capacity with the Debye law
(equation (1)) and, therefore, to plot at low temperatures Cv/T 3.

The quasi-harmonic correction, QHC = α2(T )T B(T )V (T ), calculated for two different
temperatures (300 and 700 K) is given in table 2. Except for a-SiO2, experimental data
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Figure 3. (a) Comparison of experimental Cp/T 3 (symbols) and calculated heat capacity Cv/T 3

(full curve) for a-SiO2. The partial heat capacities of O (dash–dot curve) and Si (dashed curve)
as well as the experimental Debye level (thick full curve) are also given. Westrum [36], Hornung
et al [37]; White et al [38], Sosman [39]; Flubacher et al [40]. (b) Comparison of experimental
Cp (symbols) and calculated Cv (full curve) for a-SiO2 up to 1400 K.

for all the parameters—thermal expansion coefficient, bulk modulus and molar volume of the
investigated sodium silicate glasses as a function of temperature up to 700 K—are not available.
That is why room-temperature values, values for glasses with slightly different composition
or values extrapolated from lower temperatures [35, 38, 39, 41–51] have been used for the
calculations at 700 K. Despite these uncertainties, the data in table 2 clearly show that the
QHCs are one to two orders of magnitude smaller than the experimental errors in Cp (typically
1.5–2 J mol−1 K−1). Even for NS1 at 700 K the QHC is only about 0.45 J mol−1 K−1. This
justifies the direct comparison of the calculated Cv with experimental Cp data. The changes
of QHC with composition will be discussed in section 4.

Figures 3(a) and (b) show that the calculated heat capacity of a-SiO2 is in good agreement
(maximum absolute difference 0.7 J mol−1 K−1) with experiments in a wide temperature
range from about 20 up to 1200 K. Even below 20 K our data reproduce correctly the plateau
at about 10 K and the Cv/T 3 is only about 0.1 log units higher than the experimental values.
In previous calculations using MD models generated with different potentials [4–6, 18] the
position of the plateau in Cv/T 3 is at higher temperatures (∼20 K) and the calculated heat
capacity is significantly lower (for example ∼0.5 log units lower at about 10 K and ∼1.5 log
units lower at about 4 K). Taking into account that the cooling rates in the present and the
previous MD simulations of a-SiO2 [4–6, 18] are similar, the differences in the calculated
heat capacities reflect mainly differences in the VDOS (discussed in section 3.1) arising from
differences in the interatomic potentials used.

The partial heat capacities of Si and oxygen are also shown in figure 3(a). The partial
heat capacities give the first computational proof that at low temperatures the heat capacity of
a-SiO2 is dominated by the oxygen motions as suggested in [3].

3.2.2. Sodium silicate glasses. The calculated heat capacities of the investigated sodium
silicate glasses up to 700 K (just below the glass transition temperatures [35]) are shown in
figure 4 together with published experimental data [52–56]. The calculated Cv values for
all models are in good agreement with the experimental data in a wide temperature range.
The temperature T ∗, beyond which the difference �CP = Cexp

p − Ccal
v becomes larger than 1–

2 J mol−1 K−1, decreases with increasing Na2O content (T ∗ ∼ 550 K for NS4, T ∗ ∼ 400 K for
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Table 2. Thermal expansion coefficient α, bulk modulus B , molar volume V and the QHC to
the heat capacity at constant volume for a-SiO2 and several sodium silicate glasses at selected
temperatures. (Standard deviations given in parenthesis.)

T = 300 K T = 700 K

α × 107 B × 10−6 V QHC α × 107 B × 10−6 V QHC
(K−1) (N cm−2) (cm3 mol−1) (J mol−1 K−1) (K−1) (N cm−2) (cm3 mol−1) (J mol−1 K−1)

SiO2
a 4.5 37 27.3 6.1 × 10−5 5.5 41 27.3k 2.4 × 10−4

NS4 90b 35.2(4)c 25.2d 2.2 × 10−2 108e 35.2k 25.58d 7.4 × 10−2

NS2 142f 39.3(1.7)g 24.39(5)i 5.8 × 10−2 175j 39.3k 24.75l 2.1 × 10−1

NS1 194(17)m 47.2n 23.8p 1.3 × 10−1 237q 47.2k 24.5r 4.5 × 10−1

a The data for a-SiO2 are taken from [41].
b Reference [38].
c Average value from [42] and [43].
d Reference [35].
e Value extrapolated from the data in [44].
f Reference [45].
g Average value from [42, 45, 46] and [47].
i Average value from [39, 48] and [49].
j Value extrapolated from data in [50].
k Room-temperature value.
l Value at T = 673 K from [48].
m Average value from data in [44] and [51].
n Reference [43].
p Reference [49].
q Value at T = 658 K from [44].
r Value for (Na2O)0.45(SiO2)0.55 glass from [35].

NS2 and T ∗ ∼ 250 K for NS1). �Cp at 700 K is about 4.5–5 J mol−1 K−1, which is larger than
the typical Cp experimental errors (±2 J mol−1 K−1) and two orders of magnitude larger than the
QHCs (see table 2). These results indicate that the anharmonic contributions C A

v in equation (5)
start to play a role in Na2O–SiO2 glasses some 200 K below the glass transition temperature.

The difference between the heat capacities of the two NS4 models, relaxed with one and
the same set of force constants, is less than 0.5 J mol−1 K−1 at all temperatures despite the
significant structural differences between the two models. The NS4 I model is melt quenched
while the NS4 II model is generated by the RMC method. This gives further support for
the view that the preparation history has a minor effect on the heat capacity. The NS4 II
model is more disordered (it has larger Si–O bond-length and bond-angle distortions). The
NS4 I model is more polymerized (60.3% Q4-, 28.2% Q3- and 7.7% Q2-species) compared
to 38.8% Q4-, 50% Q3- and 6.4% Q2-species in the NS4 II model (where Qn denotes an SiO4

tetrahedron with n BO). Evidently, the specific heat of computer generated models calculated
in the harmonic approximation is not sensitive to the medium-range order but only to the
strength of the Si–O and Na–O pair interactions.

In order to test further these conclusions we have calculated the VDOS and the heat
capacity of the NS2 I and NS2 II models using a second set of potential parameters. In the
second case the Na–BO and Na–NBO stretching force constants were both equal to 0.6 N m−1

instead of 25 and 30 N m−1 used initially. The Si–BO–Si bending force constant was also
slightly lower (10 N m−1) compared to 14 N m−1 used in the first calculation. Both models
were first relaxed with the new set of force constants to minimize the strain energy. The
calculated heat capacities of the two models are shown in figure 5. The two NS2 models give
practically the same heat capacities despite the fact that they have different medium-range
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Figure 4. Comparison of experimental Cp (symbols) and calculated heat capacities for several
Na2O–SiO2 glass models. Hirao et al [52]; Knoche et al [35]; Hirao et al [53]; Westrum [54];
Yageman et al [55]; de Ligny [56]; Richet [10].

order and preparation history. Secondly, the agreement between experiment and calculation
in the case of weak Na–O interactions is very poor below 250 K. These results clearly indicate
that the heat capacity is dependent primarily on the strength of the Na–O and Si–O interactions.
In addition, they show that the Na–O vibrations dominate the low-temperature heat capacity
of Na2O–SiO2 glasses.
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Figure 6. Comparison of experimental Cp/T 3 (triangles) and calculated Cv/T 3 (full curve) for
the NS2 I model; Debye level—thick full curve.

At low temperatures (T < 40 K) Cv/T 3 for the NS2 1 model is about 0.3 log units above
the experimental Cp/T 3 (figure 6). The results for the NS4 and NS1 models are similar. Both
the experimental and the calculated heat capacity data are above the Debye level for T < 40 K
indicating an excess density of states. Comparison of the partial Cv data (not given in figure 6
for clarity) shows that with increasing Na2O content the Na and NBO partial heat capacities
become larger than the contributions of the Si and BO atoms.

4. Discussion

Heat capacity and INS measurements on permanently densified a-SiO2 have shown that a
significant suppression of the VDOS in the range of the BP (0.3–3 THz) and a decrease of
the intensity of Cp/T 3 in the range 1–100 K is observed upon permanent densification [57].
Neutron diffraction and MD simulations, on the other hand, have shown that the main structural
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guide for the eyes.

effects of the a-SiO2 densification are a decrease of the average Si–O–Si bond angle and
a reduction of the Si–Si correlations. This leads, according to the MD simulations, to an
increased frustration in the packing of the SiO4 tetrahedra [58]. The increased frustration in
the packing of the SiO4 tetrahedra should decrease the local rotational degrees of freedom of
the SiO4 tetrahedra. This could, in turn, qualitatively explain, according to the model proposed
in [3] and [32], the observed decrease of the intensity of the BP in densified a-SiO2.

Such a scenario does not necessarily apply for the Na2O–SiO2 glasses. The addition
of alkali oxide to a-SiO2 leads to the formation of NBOs and a more open depolymerized
structure. It could be expected that the presence of SiO4 tetrahedra with several NBOs would
enhance the local SiO4 rocking (rotational) degrees of motion. However, the experimental heat
capacities of the investigated Na2O–SiO2 glasses decrease in the temperature range 4–30 K.
For example, Cp/T 3 for the a-SiO2, NS2 and NS1 glasses is equal at 10 K to 2.4 × 10−4,
1.8 × 10−4 and 1.4 × 10−4 J mol−1 K−4, respectively [38, 56]. Therefore, the effects of
composition on the heat capacity are discussed in more detail below.

The values of the partial heat capacities at T = 300 K as a function of the Na2O content
of the models are shown in figure 7. It can be seen that the BO contribution decreases, while
the Na and the NBO contributions increase, with increasing Na2O content. As a result the total
heat capacity increases. The behaviour of the partial heat capacities at low temperatures is the
same. We have shown that the BO contribution to the heat capacity of a-SiO2 below 100 K is
larger than that of Si (see figure 3(a)). Therefore one probable explanation for the decrease of
Cp in the temperature range 5–20 K with increasing Na2O content could be a decrease of the
BO partial heat capacity contribution.

The thermal expansion coefficient α and the calculated QHCs increase by several orders
of magnitude with increasing Na2O content (see table 2). The discrepancy �Cp between the
heat capacity calculated in the harmonic approximation and the experimental heat capacity at
high temperatures (500–700 K) also increases with Na2O content. In other words, the present
data indicate that at high temperatures the anharmonicity of the atomic vibrations increases
with alkali content. Anharmonic effects for a given eigenmode could be significant, however,
only if the mode is localized [59]. Therefore the localization of the vibrational modes of
Na2O–SiO2 glasses should increase if the anharmonicity increases as suggested.
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The degree of localization is commonly determined by the so-called mode participation
ratio p(ν) [60]

p(ν) = (M1)
2/(M0 M2) (8)

where Mn = �α|uα|2n for n = 0, 1, 2, α numbers the atoms in the model and uα is the atomic
displacement vector (eigenvector) of atom α vibrating in the normal mode with frequency ν.
According to this definition p(ν) → 1 for delocalized modes and p → 0 for strongly localized
modes. Computer simulations have shown [33] that the participation ratio of the vibrational
modes of Na2O–SiO2 glass models, calculated from equation (8), decreases with increasing
Na2O content. These results support the conclusion that the observed deviations between
the experimental heat capacity and that calculated in the harmonic approximation at high
temperatures are due to anharmonic effects.

5. Conclusions

We have presented results for the VDOS and the heat capacity of computer generated models
of amorphous silica (a-SiO2) and sodium silicate glasses with 20, 33.3 and 50 mol% Na2O.
The calculated heat capacities are compared to experimental data in a wide temperature range.
Calculations of the partial heat capacities are also introduced.

Significant changes in the VDOS of a-SiO2 upon addition of alkali oxides are
predicted, especially the development of a new strong peak at about 5 THz, arising from
stretching + bending Na–O interactions.

A good agreement between the experimental and calculated heat capacity of a-SiO2 is
achieved in a wide temperature range (20–1200 K). This result shows that a-SiO2 is a rather
harmonic material thus confirming previous MD analysis [59, 61]

We demonstrate that the discrepancies between the experimental and calculated heat
capacities depend mainly on the quality of the interatomic potential used and especially on the
strength of the Na–O and Si–O pair interactions.

The heat capacity is not sensitive to the medium-range order of the glass models. This
explains the great similarity (for T > 80 K) of the heat capacity of a-SiO2 and SiO2

crystalline polymorphs as well as the success of the empirical equations for calculation of
the heat capacities of multicomponent silicate glasses using the molar heat capacities of the
corresponding oxides [8–10]. Namely, despite the fact that the structures of the corresponding
oxides (SiO2, Na2O, K2O etc) are quite different from the structure of silicate glasses, the
underlying short-range order M–O and Si–O pair interactions are to a great extent the same.

We show that the experimentally observed increase of the heat capacity of alkali silicate
glasses with increasing alkali content for T > 30 K is due to an increase of the partial heat
capacities of Na and the NBO, the concentration of which increases with increasing alkali
content. Our results suggest also that the anharmonicity of the atomic vibrations increases
with increasing Na2O content.
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